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Abstract. This study examines the sensitivity of shift estimators between competitive parameters in the Mgp; estima-
tion method to potential disturbances in observational data caused by gross errors. The essence of parameter esti-
mation in a split functional model of geodetic observations is to determine, based on a single set of measurements,
competitive values of the unknown parameter vector. In this way, the approach naturally serves as a method for deter-
mining parameter vector displacements, for example in the deformation analysis of geodetic networks. Using a Monte
Carlo approach, empirical influence functions were obtained for the classical squared Mgy, estimators of shift of pa-
rameters as well as for new variants of this method, including those based on the concept of a strengthening matrix
for measurement results corresponding to a specific competing functional model and the elimination of the reversal-
point effect. The empirical analyses were conducted using an example concerning the determination of displacements
of controlled points in a leveling control network. The obtained results were compared with those produced using the

classical least-squares method.
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1. Introduction

The art of measuring the Earth, as the sciences broad-
ly understood as geodesy are commonly referred to,
makes use of various types of measuring instruments
intended to obtain results of observed quantities. Due to
the application of certain measurement techniques and
technologies, as well as imperfections of the measuring
equipment itself, geodetic observations may be affected
by errors of various kinds, such as systematic errors, de-
terministic errors, or gross measurement errors, which
in the relevant literature are also referred to as outlying
observations (outliers). It is well known that geodetic ob-
servations are inevitably affected by errors of a random
nature. As a result, when measuring a given quantity
Y, one may expect that the observed value y of this
quantity will differ from its true value. Moreover, when
repeating the measurement of the same quantity in a se-
ries of observations from y, to y,, one can expect that
most of them will be assigned different values. Therefore,
the fundamental problem in the processing of geodetic

estimation, gross errors, empirical influence function, sensitivity.

observations is the search for the most probable value of
the measured quantity. Since the pioneering publications
by Legendre (1805), geodetic observations have been ad-
justed using the Least Squares (LS) estimation method,
in which the optimization criterion assumes minimiza-
tion of the sum of squares of observational residuals or
theoretical observational corrections. It should be noted
that the least squares method is also a special variant
of the maximum likelihood method (assuming a nor-
mal distribution as the probabilistic error model) and
belongs to the broad family of M-estimation methods.
LS estimation belongs to the group of neutral estima-
tors, meaning that it is characterized by high sensitivity
to the presence of outlying observations in the measure-
ment result vector. In addition to neutral estimators, it
is also possible to determine weak and robust estimators
which, unlike the least squares method, respectively fa-
vor or limit the influence of outlying observations in the
process of estimating the true values of the quantities
being measured.
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Each of the methods listed above operates under the
fundamental assumption that the sets of observations are
realizations of a single random variable (and, in the case
of robust methods, of a single acceptable random vari-
able). In Wisniewski (2009), it was pointed out that in
geodetic measurement practice (as well as in other fields
of metrology) situations may arise in which the observa-
tion vector is a natural mixture of realizations of at least
two random variables. In such a case, the outlying ob-
servations in the observation vector are not the result of
gross errors in the measurements, but rather of a natural
relationship between realizations of two competing ran-
dom variables. Consequently, the estimation of the posi-
tional parameters of these competing random variables
may be carried out by applying a parameter estimation
method in a split functional model of geodetic observa-
tions, referred to as My, estimation (Wisniewski, 2009).
A characteristic feature of this estimation method is the
splitting of the classical functional model into two com-
peting models. The fact that two random variables com-
pete for a single observation in M, estimation means
that this method naturally enables the determination
of an estimator of the shift between the positional pa-
rameters of these variables. Direct determination of the
shift between competing estimators is possible using a
special version of M, estimation, namely Shift-Mg,
estimation (Duchnowski & Wisniewski, 2011, 2012;
Wiséniewski & Zienkiewicz, 2016).

The new estimation method proposed by Professor
Zbigniew Wiéniewski is a generalization of classical M-
estimation methods and can be extended to an arbitrary
number of competing models (Wisniewski, 2010). In
principle, the determination of an appropriate number of
competing functional models may be carried out using a
modified data-snooping approach (Zienkiewicz, 2020).

The most popular and at the same time the most
practical version of the parameter estimation method in
a split functional model is squared M,; estimation. Such
a version of the method may result, among other things,
from adopting the normal distribution as the probabilis-
tic error model (Wisniewski, 2009, 2010). Squared M,
estimation has already found a number of practical ap-
plications, for example in the processing of observation
vectors contaminated with gross errors (Li et al., 2013),
in the search for a stable reference datum during the
analysis of deformations of geodetic networks (Nowel,
2019; Zienkiewicz, 2022), in the geodetic determina-
tion of displacements of monitored points (Wisniewski
et al., 2019; Wyszkowska & Duchnowski, 2020), as well
as in fitting appropriate shapes and objects to 3D point
clouds acquired using laser scanning technology (see,
e.g., Janowski 2018; Wyszkowska & Duchnowski, 2022;
Zienkiewicz & Dgbrowski, 2023).

The practical properties of M, estimators have nat-
urally contributed to the development of the theory of
this method. Subsequent research on the development of

Mg i estimation has led to the formulation of a classical

accuracy analysis of the estimated competing quanti-
ties, based on the law of covariance matrix propagation
and on the estimation of global and quasi-local variance
factors for competing functional models (Wisniewski
& Zienkiewicz, 2021b). Further developments include
the estimation of competing parameters in errors-in-
variables models (Wisniewski, 2022), as well as the pro-
posal of a group of robust My;; estimators in which the
components of the objective function are robust weight-
ing functions commonly used in robust M-estimation
(Wyszkowska & Duchnowski, 2022). Nevertheless, from
a practical point of view, the most important extensions
of squared M;; estimation are M f;lriltd and prht esti-
mation. In the former, the theory of parameter estimation
in a split functional model was supplemented with equa-
tions of conditional constraints imposed on the compet-
ing estimators. In Zienkiewicz (2019), it was demonstrat-
ed that the introduction of a specific type of constraints
can solve a relatively troublesome problem encountered
in practical applications, namely the interchange of M,
estimators. It should be noted that the existence of the so-
called reversal point (Duchnowski & Wisniewski, 2017)
during the determination of competing estimators may
(though does not have to) be problematic from the point
of view of interpreting the obtained results — for exam-
ple, in the geodetic determination of displacements. In
turn, the M2 . estimation proposed in (Zienkiewicz &
Dabrowski, 2023) is characterized by the introduction of
a matrix that strengthen the assignment of observations
to a given competing functional model. It was observed
that in certain cases - especially in Mgy (q) estimation
for g>2 - a “strong” outlying behavior of observations
from the perspective of competing functional models
may disturb the results of the estimation of competing
parameters. Although this is not a frequent situation,
when it does occur it leads to a complete breakdown
of the process of determining competing estimators.
From a numerical point of view, the introduction of
the strengthening matrix aims to limit the influence of
“strongly” outlying observations in the cross-weighting
process on the estimated competing estimators. In this
case, such an observation is unambiguously assigned to a
given functional model, thereby eliminating its influence
on the estimation of other quantities. Moreover, Zienk-
iewicz and Dabrowski (2023) showed that in some cases
the strengthening matrix can “suppress” outlying obser-
vations. This is a particularly important property, since
Mg estimators, similarly to LS estimators, exhibit high
sensitivity to gross errors in measurements (Wisniewski
& Zienkiewicz, 2021a). Nevertheless, in certain problems
Mg estimation may be considered in the same context
as robust M-estimation (Wisniewski, 2009; Wisniewski
& Duchnowski, 2017; Nowel, 2019). The robustness
properties of classical squared Mgy estimation, as well
as the response of competing estimators to the occur-
rence of gross errors in observations, were tested using
a Monte Carlo approach. For this purpose, performance
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indicators were determined in the context of gross er-
ror detection, along with Empirical Influence Functions
(EIFs) that illustrate the impact of a given disturbance in
an observation on the values of the estimated competing
estimators (Wisniewski & Zienkiewicz, 2021a).

It is worth noting that Duchnowski and Wiéniewski
(2014) also investigated the sensitivity of squared Shift-
Mspht estimators to gross errors present in the observa-
tion vector and empirically determined the accuracy of
the obtained estimates. It is assumed that the modifica-
tions of the optimization criteria of squared Mgp; esti-
mation introduced in Zienkiewicz (2019), Zienkiewicz
and Dgbrowski (2023) contribute to an increase in the
accuracy of estimating competing estimators and should,
within certain ranges, also limit the effect of gross errors
on the obtained estimates of the shift between competing
parameters. Therefore, in this article the numerical ex-
periments from the study Duchnowski and Wiéniewski
(2014) will be repeated, within which the accuracy of the
estimated shift determined using the M SBpilriltd and M Split
estimation methods will be evaluated. In addition, the
empirical influence functions of these methods will be
determined, illustrating how a gross error in an obser-
vation affects the values of the computed displacement
between the newly proposed variants of squared M,y
estimators. Numerical examples concerning the process-
ing of measurement results of a leveling control network
will be preceded by a brief theoretical introduction to
the classical and new variants of competing parameter
estimation in a split observation model. The paper con-
cludes with a summary and conclusions drawn on the
basis of the conducted research.

2. Theoretical foundations

2.1. Squared Mg, ;; estimation

split
The theoretical foundations of Mg, estimation were
formulated under the fundamental assumption that two
random variables compete for each observed quantity.
Consequently, the classical functional model is split into
two competing models with the following linear or lin-
earized form Wisniewski (2009):

&) =¥~ Ax()

(1)
Ea) =Y AN

where, y (n x 1) is a vector of measurement results,
x(l),x(z) are competing versions of the parameter x of

dimension (r x 1), 8(1) and 8(2) are competing versions

of the random measurement error vector & (n x 1), such
that & = —v, where v is the vector of theoretical observa-
tion corrections, whereas A (n x r) is the design matrix.
Let us assume that the coefficient matrix is of full col-
umn rank, i.e., rank(A)=r and that the observations are
mutually independent, with the following split statisti-
cal models: C)’(l) =0'§(1)P‘1 and CJ’(z) :ag(z)P‘l, where

P is the observation weight matrix, whereas o2, | and

. . 01%
o2y are the variance factors corresponding to z)dels

(1) and (2), respectively. The sought M,; estimators are
the quantities that minimize the following optimization
criterion Wisniewski (2009), Zienkiewicz (2022):

= min , )
1))

where, p; is the weight of the i-th observation. The op-

timization criterion (2) can be solved, for example, using

the method of setting the gradient of the objective func-

o505 )= ZLred ety

tion @ x(l),x(z) to zero. In that case, the quantities x )

and x ,) are determined on the basis of the following

iterative process (for I =1,2 and j = 1,...,m):
jo_ ATprj—lA —IATI_)ij_1
X =@ PG A) 0
g =y—Ax/
=" , 3)
j — ATP2wj A —lATP2wj
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where,

—di 2 2 —di 2 > )
W(l) —dzag(gl(2>,...,gn(2)) and W(z) —dmg(gl(l),...,gn(l))
are cross-weighting matrices. The iterative process

may start from randomly selected numerical val-
ues; however, most often the initial elements are as-
sumed to be LS estimators (Wisniewski, 2009). The
iterative process is terminated when the quantities

*) =50 = Fe) =) T
of the objective function of squared My; estimation are
reduced to zero. Based on the estimated competing pa-
rameters, the displacement between these values is gen-
erally determined in an indirect manner:

x(’gjl when the gradients

A

At = %) =Xy @

Note that exactly the same result for determining the
displacement between competing parameters can be ob-
tained by applying the direct approach to “shift” estima-
tion, i.e., Shift-Mg; estimation (see, e.g., WiSniewski &
Zienkiewicz, 2016). It should be emphasized, however,
that due to the occurrence of the reversal point effect, an
interchange of the competing estimators determined in
process (3) may take place. In such a case, there is a risk
that in certain practical problems - such as the determi-
nation of displacements in geodetic control networks -
only the absolute value of the shift between these estima-
tors will be correctly determined on the basis of M
estimators.

split
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2.2. Mf}jﬁtd estimation (elimination of the reversal

point)

The general idea of this approach is to apply constraint
equations that bind the competing parameters (Zienk-
iewicz, 2019). The search for a conditional minimum
of the M,;; estimation optimization criterion is car-
ried out using the Lagrange multiplier method and may
concern, among other things, free network adjustment
(Zienkiewicz, 2022) or parameter estimation in errors-
in-variables models (Wi$niewski, 2022). In geodetic
practice, these constraints may apply to the compet-
ing coordinates of certain network points, for example
when the distance between these points is determined
with high accuracy, or when the constraints between
coordinates result from the geometric structure of the
network (Dgbrowski et al., 2023). In the present study,
the Lagrange method will be applied within squared
Mg, estimation in order to eliminate the reversal point
effect in the process of determining displacements of
points of a geodetic control network measured in two
observation epochs. In this case, the M;, estimator of
the first competing functional model (see Eq. (1)) will
be permanently bind to the least squares estimator
determined for observations acquired exclusively in the
first measurement epoch. Consequently, the conditional
objective function of squared M,;, estimation takes the
following form:

split

PLagrange (x(l)’x(Z) ) =

-3 e +C(I)K(Tl)(x(,) —&LS):(H)&?), 5)

where, ¢y is a coefficient with an arbitrarily selectable
value (different from zero), whereas K‘jg (w x 1) is an

vector of Lagrange multipliers corresponding to the con-
straints imposed on the parameters in model (1). The

objective function (5) is minimized by those M fgﬁt‘i esti-
mators that reduce the gradients of this function to zero.
In the present paper, due to the limited number of pages
available for the description of the research, the scope of
the presented theoretical background has been kept to a

minimum. The method for determining the quantities
&Igli”d —%,gand X ,) is described in detail in Zienkie-
wicz (2019). Nevertheless, it should be noted that, based
on the obtained Mf}jlfi‘td estimators, the displacement be-

tween these quantities can also be estimated according
to relation (4). Such a displacement will hereafter be de-

noted as 4Bind

Msplit

0
2.3. M split
matrix

The theory of My,; estimation assumes that the el-
ementary split potential determines the probability of
assigning an observation to a given functional model. In

estimation and the strengthening

practice, such an assignment is performed on the basis
of cross-weighting matrices. Each observation is then
assigned a certain non-zero value in matrices W'(I) and

M’(z)’ resulting from the probability of the observation

belonging to models (1)-(2), respectively. Therefore, if
the observation set contains realizations of a random
variable with “extremely” large values compared to other
observations, the elementary split potential will never-
theless assign such observations a certain probability of
participation in the model to which observations with
smaller values are “assigned.” In order to eliminate the
influence of observations unambiguously assigned to one
of the competing models on another model (or mod-
els, in the case of Mgy (q) estimation), Zienkiewicz and
Dabrowski (2023) proposed introducing indicators t;
that strengthen the process of identifying the i-th obser-
vation with one of the mutually competing functional
models. This parameter takes only two values, namely
1 when there are no grounds for excluding the i-th ob-
servation from the computational process, and 0 when
a given observation should not participate in the pro-
cess of determining a given competing estimator. Based
on these assumptions, the following optimization crite-
rion can be formulated on the basis of the optimization
criterion of squared Mg, ;; estimation (Zienkiewicz &
Dabrowski, 2023):

split

N 5222 22 4 -
X1\ X(5) |= D . PiES\Eq = min . (6)
(P()( (1) (2)) Zl:l ! l(l) 1(2) ! x(l),x(z)

The quantities fulfilling the above optimization cri-
terion are referred to as prht estimators. The compet-

ing parameters are determined using a diagonal matrix
T =diag(t,,...t, ), whose coefficients are determined
iteratively and individually for each competing func-
tional model. In the initial phase of the squared M,
estimation process, it is necessary to assume t; =1. Sub-
sequently, in successive iterations ( j, =1,...,m, ), the val-
ues of the parameters t; are determined according to the
following conditional relation: (for [ = 1, 2):

1 for (

0 lf‘ (Z(*l).max =

%\Sa) v (6; <o)

" 4 B > (7)
) A (slm|> a)

Jo
Ly =

—
€11

where, gl(l) = éi(l) /(60(1)”1&,.(,) j = éi(l) /6‘%1'(1) is the
standardized residual of an observation corresponding

to the I-th functional model, 6; , are the competing a

posteriori standard deviations of the computed residu-
als, 60( j) are split quasi-local standard deviation factors,

which in the present approach assume theoretical values,

ie., 63(1) =1. Then, mé'(l) is determined as the square
root of the elements located on the main diagonal of the
given variance-covariance matrix CE(Z) (Wisniewski &

Zienkiewicz, 2021b; Zienkiewicz & Dabrowski, 2023).
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Moreover, in expression (7), the quantity a is a param-
eter steering the prht estimation process, which is se-
lected arbitrarily (in the present study a = 2.5), whereas

Z( 1) max is the absolute value of the standardized residual
of the observation with the largest value in the I-th func-

,max
refer to the absolute values of the standardized quanti-

tional model. Moreover, the quantities 5,*(1) and Z(*l)

ties &(1)> whose standard deviations are 6, >o;
1

max

U

During the conducted analyses, it was assumed that the
=4/0.020;.

Eq. (7) should be interpreted as follows: after per-
forming the classical M, estimation process, the a pos-
teriori standardized observational residuals are subjected

threshold value is ¢

'max

to analysis. If the absolute value of does not exceed

&)
the critical value a, then the parameter t corresponding

to the i-th observation in the /-th functional model takes
the value equal to 1. The parameter tl](Ol) is also equal to

one in the case when the i-th observation is assigned
to the /-th model without error, i.e., when 6§_(1) <o;

However, if in the I-th considered competing model there
“i()
for the observation with the largest absolute value of the

max

are quantities exceeding the threshold value, then

a posteriori standardized random error in that model,
the parameter t is assigned a value of zero. Such a proce-
dure is performed independently for each of the compet-
ing functional models. In this way, specific forms of the
matrices T(l) and T(Z) are obtained at iteration j,. The

MO

split Parameter estimation procedure is repeated until

all quantities are smaller than the threshold value

“i()
a (this applies to the competing versions of standardized
observation corrections for which t,, =1 holds). By dif-

ferencing the prht estimators according to relation (4),

is obtained.

it A
the parameter shift AMSPm

3. Numerical example

As mentioned earlier, the sensitivity of the new versions
of squared Mg,;; estimators will be determined by repeat-
ing selected numerical experiments presented in (Duch-
nowski & Wisniewski, 2014). The empirical analyses will
be supported by Monte Carlo simulation of observation
data. The computations will concern the leveling control
network shown in Figure 1.

The control network consists of two fixed points

P1and P2 with theoretical heights Hp, = Hp, =0.000 m.
In addition, the network structure is supplemented by
three monitored points A, B and C with theoretical

height H, =Hp =H-=1.000 m. It was assumed that
eight height differences h,...,hy between the points were

measured in two observation epochs. Observations of
the sixteen height differences were simulated by adding
random errors to the theoretical height differences of
the network points, generated from a normal distribu-
tion with an expected value of 0 and a standard deviation
of 0.001 m.

Figure 1. Sketch of the leveling network

Moreover, the height differences in the second
measurement epoch were generated for four variants
of changes in the theoretical heights of the monitored
points, namely:

Variant I: H- =1.010 m;

Variant II: H- =1.010 m and Hp =1.030 m;

Variant III: H, =1.010m, Hz =1.005 m
and H =0.995 m;

Variant IV: Hi =1.010 m, H, =1.030 m
and H =0.990 m.

The observation sets for both measurement epochs

were generated 50 000 times for each variant. Based on
the simulated data, displacements of the control network

. . . B d
points were determined using squared Mgpj;;, Mspllrilt and
Mgplit estimation. The obtained results were compared

with the displacement estimates ALS derived using the
least squares method. It should be noted that in LS es-
timation, the heights of the control network points are
estimated separately for each of the considered meas-
urement epochs. Additionally, in order to compare the
accuracy of the determined displacements for each con-
sidered estimation method, the Root-Mean-Square De-
viation (RMSD) of the displaced point was computed
according to the mathematical formula given in (Duch-
nowski & Wisniewski, 2014):

RMSD=\/Zi=1(A—Au)2/k, (8)

where, A is the theoretical value of the displacement of
a given point, whereas A, is the estimator of this dis-
placement in the u-th data simulation (out of k possible
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simulations). The results of the estimation of displace-
ments of the leveling control network points, together
with the RMSD error, are presented in Table 1.

Table 1. Results of displacement estimation

Simulation results (mm)
=
;é LSE Msplit Ep:ﬂtd Mgplit
Mean [RMSD| Mean [RMSD| Mean |RMSD| Mean |RMSD
10.0 | 0.87 | 10.1 | 1.00 | 10,0 | 0.95 | 10.1 1.03
1 0.0 0.78 0.1 1.70 0.1 1.30 0.1 1.71
0.0 0.86 0.0 1.93 0.0 1.23 0.1 1.94
10.0 | 0.86 | 10.0 | 1.12 | 10.0 | 1.01 | 10.1 1.23
II | 300 | 078 | 300 | 094 | 300 | 086 | 30.0 | 0.93
0.0 0.86 0.0 1.68 0.0 1.34 0.0 1.7
10.0 0.87 10.0 1.14 10.0 1.00 10.0 1.19
I | 30.0 |0.78 | 30.0 |0.88 | 30.0 [0.83 | 30.0 | 0.93
-10.0 | 0.87 | -10.0 | 1.40 | -10.0 | 1.16 | -10.0 | 1.43
10.0 0.86 10.0 1.48 10.0 1.20 10.0 1.50
v 5.0 0.78 5.0 0.92 5.0 0.84 5.0 0.95
-50 | 097 | -50 | 175 | -5.0 | 089 | -5.0 | 0.98

The obtained results clearly indicate that each of the
analyzed methods led to a correct assessment of the
“shift” between the considered parameters. It should be
noted, however, that the values of the competing Mgp;
estimators were “artificially” assigned to the appropri-
ate measurement epoch. In practical applications of this
method, it is possible to automatically determine only

the absolute value A My, correctly. This problem does not
split

occur in the case of the quantity jﬁ"”;’l . The introduced
split

constraints protect against the interchange of competing
estimators without adversely affecting the values of the
estimated shift. Moreover, the displacement determined

EIF for estimates of AH,
0,030

0,020

0,010

Estimated displacement (m)

0,000
50

0,010
Gross error in observation h, in epoch 2 (mm)

EIF for estimates of AHc
0020

0,010

5

Estimated displacement (m)
s
H

0,020

Gross error in observation h, in epoch 2 (mm)

using MBid estimation is characterized by a lower
RMSD error value than that obtained with classical M,
estimation. Consequently, the accuracy of the deter-
mined displacements approaches that achieved using LS
estimation. The introduction of the strengthening matrix
in the estimation process had practically no effect on the
results of determining competing estimators or on the
RMSD errors. This is due to the fact that the observation
vector contained realizations of exactly the same number
of random variables as the number of competing models
assumed. In the case of M; estimation, the strengthen-
ing matrix begins to play a role when, for example, gross
errors appear in the observation vector Zienkiewicz and
Dabrowski (2023), although its primary purpose is to
limit “highly” outlying observations in squared M
estimation.

In the next step of the empirical analyses, we there-
fore examine the effect that gross errors in observations
have on the values of the determined displacements. In
paper Duchnowski and Wisniewski (2014), an empirical
influence function was defined to describe the sensitivity
of the estimators A to disturbances introduced into the
observation vector:

split(q)

EIF(x):Tn(yl,y2+g), 9)

where, T, is the estimator under investigation, y, and

y,are the observation vectors in epochs 1 and 2, respec-
. T . TR
tively, whereas g = [0 X 0] is a vector indicating the

position x at which a gross error will be added to one
of the observations of the second measurement epoch.
In the present study, following the approach adopted by
Professor R. Duchnowski and Professor Z. Wisniewski, it
was assumed that the gross error would be added to ob-
servation h, in Variant I, and subsequently the displace-
ments would be determined using LS, M, prilfilfl and

EIF for estimates of AHg
0,050

0,025

0,000
50

Estimated displacement (m)

0,025

0,050

Gross error in observation h, in epoch 2 (mm)

Least squares method

Mspiie estimation

Mz‘:{‘.’f estimation

o -
M, estimation

Figure 2. Empirical influence function of the displacement of control network points (Variant I)
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prht estimation. The value of the disturbance x will
increase by 1 mm within the interval =50 mm, 50 mm.
It is assumed that the vectors y, and y, will be gener-
ated 10,000 times, and on this basis the mean values of
the estimator T, will be determined for each variant of
the gross error in observation h,. The courses of the
empirical influence functions related to the estimation
of the displacements of points A, B and C are shown in
Figure 2.

The determined EIFs show, as expected, that LS es-
timators and all variants of M, estimators for the dis-
placements of control network points exhibit high sen-
sitivity to gross errors. It should be noted, however, that
the results of classical M, and prht estimation show
higher sensitivity than LSE to so-called “large” outliers,
whereas in the case of “small gross errors” the EIFs indi-
cate lower sensitivity than that observed for LS estima-
tion. This is particularly important, as it is well known
that large gross errors are relatively easy to detect us-
ing statistical tests. The determined empirical influence
functions and RMSD errors confirm that the new vari-
ants of competing parameter estimation in a split func-
tional model provide more robust and more reliable re-

sults than classical squared M;; estimators.

4. Conclusions

The study analyzed the sensitivity of classical and modi-
fied My;; estimators to the presence of gross errors in
geodetic observations using Monte Carlo simulations
and empirical influence functions. The obtained results
confirmed that the application of conditional constraints
efficiently eliminates the reversal point effect while si-
multaneously improving the accuracy of the determined
displacements compared to classical quadratic Mg
estimation. An analysis of RMSD error values showed
that conditional estimation leads to results close to those
obtained using the least squares method. Empirical influ-
ence functions indicate a greater sensitivity of LS estima-
tion to small gross errors compared to the considered
variants of Mg, estimation. For large disturbance val-
ues, all methods exhibit similar behavior, although es-
timators of competing parameters show slightly greater
susceptibility to this type of perturbation.
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